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THE TELESCOPE APPROACH TO
EMBEDDABILITY OF COMPACTA
Sergey A. Melikhov and Evgenij V. Shchepin
Abstract. We show that an n-dimensional compactum X embeds in Rm, where
m >
3(n+1)
2
, if and only if X × X \ ∆ admits an equivariant map to Sm−1. In
particular, X embeds in R2n, n > 3, if and only if the top power of the (twisted)
Euler class of the factor-exchanging involution on X × X \ ∆ is trivial. Assuming
that X quasi-embeds in R2n (i.e. is an inverse limit of n-polyhedra, embeddable in
R2n), this is equivalent to the vanishing of an obstruction in lim1H2n−1(Ki) over
compact subsets Ki ⊂ X × X \∆. One application is that an n-dimensional ANR
embeds in R2n if it quasi-embeds in R2n−1, n > 3.
We construct an ANR of dimension n > 1, quasi-embeddable but not embeddable
in R2n, and an AR of dimension n > 1, which does not “movably” embed in R2n.
These examples come close to, but don’t quite resolve, Borsuk’s problem: does every
n-dimensional AR embed in R2n? In the affirmative direction, we show that an n-
dimensional compactum X embeds in R2n, n > 3, if Hn(X) = 0 and Hn+1(X,X \
x) = 0 for every x ∈ X.
There are applications in the entire metastable range as well. An n-dimensional
compactum X with Hn−i(X \x) = 0 for each x ∈ X and all i ≤ k embeds in R2n−k.
This generalizes Bryant and Mio’s result that k-connected n-dimensional generalized
manifolds embed in R2n−k. Also, an acyclic compactum X embeds in Rm iff X × I
embeds in Rm+1 iff X× (triod) embeds in Rm+2. As a byproduct, we answer a
question of T. Banakh on stable embeddability of the Menger cube.
1. Introduction
It is well-known that all (compact) contractible n-polyhedra embed in R2n but
not all in R2n−1 [We]. (The case n = 2 is more subtle: every contractible 2-
polyhedron PL embeds in a homotopy 4-sphere, hence by Freedman’s work embeds
in R4.) This paper was motivated by
Problem 1.1 (Borsuk, 1959). (see [Bo; IX.2.4]) Does every n-dimensional AR
(=contractible, locally contractible compactum) embed in R2n?
As noted in [Bo], the answer is affirmative for n = 1. This follows e.g. from
Claytor’s theorem (see Theorem 2.1 below). Contractible n-dimensional compacta,
non-embeddable in R2n, were constructed by S. D. Iliadis for n = 1 [SS] and in
[RSS] for all n. The construction of [RSS] will be discussed in Example 2.17, and
here is another one.
Partially supported by Russian Foundation for Basic Research grants 02-01-00014, 05-01-00993,
Mathematics Branch of the Russian Academy of Sciences Program “Theoretical Problems of
Contemporary Mathematics” and President of Russia Grant MK-1844.2005.1.
1
2 SERGEY A. MELIKHOV AND EVGENIJ V. SHCHEPIN
Example 1.2 (the p-adic tree). Let X = Tel(Zp
⌊/p⌋
−−−→ Zp
⌊/p⌋
−−−→ . . . )∗, the
one-point compactification of the mapping telescope of p-fold self-coverings of the
Cantor set, realized here as integral divisions by p in the topological ring Zp of p-
adic integers. Clearly, X is contractible. It does not embed in R2 since it contains
a copy of the compactum T × N∗, where T is the triod pt ∗ (Z/3), and N∗ denotes
the one-point compactification of an infinite sequence. It is shown in Example
2.17 that T × N∗ does not embed in R2. Note that X is the inverse limit of the
finite mapping telescopes Xn := Tel(Z/pn
⌊/p⌋
−−−→ . . .
⌊/p⌋
−−−→ Z/p −→ 0) and maps
Xn → Xn−1 shrinking the last mapping cylinder Cyl(Z/p→ 0) to the point 0 and
restricting to the trivial p-covering on its complement.
Our initial result was that n-dimensional contractible compacta quasi-embed in
R2n for n > 2, that is, are inverse limits of n-polyhedra, embeddable in R2n. (An
equivalent definition is that for each ε > 0, there exists an ε-map X → R2n, i.e. a
map whose every point-inverse has diameter < ε.)
Theorem 1.3. Every n-dimensional compactum X, n > 2, such that the map
Hn(X,X \ x)→ Hn(X) is onto for some x ∈ X, quasi-embeds in R2n.
This follows from Theorem 2.4 and Lemma 3.6(a). Note that not every n-
dimensional contractible compactum can be decomposed into an inverse limit of
contractible (or even acyclic) n-polyhedra — even if it is an inverse limit of PL
balls of some dimension [Ka].
For ANRs (=locally contractible compacta), Theorem 1.3 holds if the coeffi-
cients are reduced mod2; yet there exists an n-dimensional compactum X with
Hn(X ; Z/2) = 0, non-quasi-embeddable in R2n (see Example 2.6 and the subse-
quent remark). This shows, in particular, that not every n-dimensional compactum
X with Hn(X ; Z/2) = 0 is an inverse limit of n-polyhedra Pi with Hn(Pi; Z/2) = 0.
In pursuing further our approach to Problem 1.1, we gradually realized that we
need no less than a complete cohomological obstruction to embeddability of an ar-
bitrary n-dimensional compactum X into R2n to start with. This obstruction θ(X)
is the Euler class of the vector bundle X˜×Z/2R
2n → X˜/(Z/2), where X˜ = X×X \∆
(with the factor exchanging involution), and R2n is endowed with the sign action
of Z/2 (see other definitions in §2). While this is the straightforward generalization
of the classical van Kampen obstruction to embeddability of a compact polyhe-
dron into R2n, from the geometric viewpoint it involves an additional “phantom”
term due to more complex local structure of the compactum X , as measured by
non-collarable behavior of X ×X \∆ at infinity.
The basic idea behind the completeness of θ(X) for n > 3 (Theorem 2.2) is that
X embeds into Rm if and only if an infinite polyhedron T of a certain kind (namely
the mapping telescope of some inverse sequence of nerves of X), which is endowed
with a proper “control” map to [0,∞), admits a level-preserving embedding into
Rm × [0,∞). This was proved in a 1984 paper by the second author and M.
A. Shtan’ko [SS] (not translated into English) using the techniques of embedding
dimension to establish the “only if” part in codimension three. While we only need
the easy “if” part here (see Criterion 3.2), the challenge is to construct a telescope T
with vanishing cohomological embedding obstruction, knowing only the vanishing
of the cohomological embedding obstruction for X . To this end we need some
algebraic technique to capture the behavior of X ×X \∆ at infinity by means of
the extra dimension occurring in T . Luckily, much of it turned out to be available,
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in a disguised form, from the first author’s work on isotopic realization [M1], [M2],
[M3], where the role of “local wildness” of the compactum was played by “global
wildness” of the double point set of a continuous map between polyhedra.
Now that the Borsuk problem has been reduced (in dimensions 6= 2, 3), to a
question of constructing an AR whose deleted product satisfies a purely cohomo-
logical condition (see also Lemma 2.18), it looks even more formidable. For this
realizability question is not an easy one!
Theorem 1.4. Every n-dimensional compactum X, n > 3, such that the map
Hn(X,X \ x)→ Hn(X) is onto for some x ∈ X and Hn+1(X,X \ x) = 0 for each
x ∈ X, embeds in R2n.
This follows from Theorem 2.2 and Lemma 3.6.
The reader should not be surprised at seeing the (n + 1)-dimensional cohomol-
ogy of the n-dimensional compactum with support in a point. (Relative coho-
mology modulo an open set is a counterintuitive object.) The simplest example
of a point where such a group is nontrivial occurs as the point at infinity in the
one-point compactification Tel(P1 → P2 → . . . )
∗ of the mapping telescope of a di-
rect sequence of PL maps between compact (n− 1)-polyhedra, provided that each
Hn−1(Pi+1)→ H
n−1(Pi) has a nonzero cokernel in the torsion-free part (see Exam-
ple 2.8). Coincidentally, this compactum is an AR, as is every Tel(P1 → P2 → . . . )
∗
where the Pi’s are ANRs.
Problem 1.5. Does every Tel(P1 → P2 → . . . )
∗ embed in R2n, where Pi are
(n− 1)-dimensional polyhedra (or ANRs)?
A good reason to focus on ARs with just one non-polyhedral point is that a
contractible compactum embeds in R2n whenever it immerses there, i.e. admits a
map into R2n that is injective on a neighborhood of every point (Corollary 4.9).
At a first glance, direct telescopes of graphs (n = 2) appear promising. By a
well-known result of Conway–Gordon and Sachs, no matter how the complete graph
K6 is embedded into R3, some pair of disjoint cycles in it will be linked with an
odd linking number. (In fact, a given n-polyhedron P admits an embedding into
R2n+1 where no two disjoint n-spheres in the image are linked if and only if an
odd-dimensional analogue η(P ) of the van Kampen obstruction vanishes [M5].) If
Γ→ K6 is a 3-fold covering, say, and its mapping cylinder has been embedded into
R3×I in a level-preserving fashion, then Γ must have a pair of disjoint cycles linked
in R3×{0} with linking number equal to 3 times the linking number in R3×{1} of
some pair of disjoint cycles ofK6. Now if we ignore covering theory for a second and
assume that there exists a 3-fold covering f : K6 → K6, then Tel(K6
f
−→ K6
f
−→ . . . )
cannot be embedded into R3× [0,∞) in a level-preserving fashion, for the very first
K6 would have to possess, for every n, a pair of disjoint cycles linked in R3×{0} with
linking number divisible by 3n — but K6 only contains 10 pairs of disjoint cycles!
Thus every 3-fold covering K6 → K6 would yield a solution to the Borsuk problem,
for the level-preserving condition is not essential here due to the cohomological
nature of the argument.
But, of course, no such coverings exist. Since a p-fold cover of a graph with Euler
characteristic χ has Euler characteristic pχ, there even exists no direct sequence
Γ1 → Γ2 → . . . of non-trivial coverings of finite graphs with more than one cycle in
at least one connected component. (This also has implications for direct sequences
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of branched coverings between higher-dimensional polyhedra, which one may re-
strict to maps between their intrinsic 1-skeleta, or inductively restrict to branched
coverings between links of the vertices in the intrinsic 0-skeleta.)
Theorem 1.6 [M6]. Let X = Tel(Γ1
f1
−→ Γ2
f2
−→ . . . )∗ where Γi are finite graphs.
(a) If each fi is onto a finite index subgroup on the π1 level, X embeds into a Q
such Q× R2 is homeomorphic to R6.
(b) X embeds into R4 after amending each fi by a homotopy.
The proof is modelled on the well-known proofs that 2-polyhedra, 3-deformable
to a point, embed in R4 and that 2-dimensional CW-complexes embed in R4.
Problem 1.7. Does there exist an n-dimensional ANR, non-embeddable in R2n,
which can cover itself with finitely many branch points?
Note that the “intrinsic 1-skeleton” of an ANR (whatever it means) does not
need to be an ANR, and so can have an infinitely generated fundamental group.
Organization of the paper. Results in the double dimension (n →֒ 2n) are
stated and illustrated by examples in §2. (Some further discussion is at the end of
§3.) Theorems 2.2 and 2.4 are proved in §3. Results valid in the entire metastable
range are stated and proved in §4.
Acknowledgements. The first author is grateful to M. Bestvina and A. N. Dran-
ishnikov for inviting him to discuss this work with them at their Universities and
their support and useful comments. We also enjoyed critical and creative comments
from P. M. Akhmetiev (in particular, Example 2.15 is his), stimulating questions
of V. M. Buchstaber and T. Banakh (see §4), and information provided by A. V.
Chernavsky, J. Keesling and A. B. Skopenkov. Some results of this paper were
presented at Borsuk’s 100th Anniversary Conference (Be¸dlewo, July 2005).
2. Results and examples in the double dimension
Throughout the paper X¯ will denote the quotient of X˜ := X × X \ ∆X by
Z/2 =
〈
t | t2
〉
, acting on X˜ by the factor exchanging involution (x, y)↔ (y, x).
The definition of the classical polyhedral van Kampen obstruction ϑ(X) (see
[M5]) makes perfect sense if X is an n-dimensional (metric) compactum, and then
the same argument as in the polyhedral case shows that if X embeds in R2n then
ϑ(X) = 0. In more detail, we may define ϑ(X) ∈ H2n(X¯) to be e.g. g¯∗(ξ), where
g : X →֒ R2n+1 is any embedding (which exists by the classical Menger–No¨beling–
Pontryagin theorem), ξ ∈ H2n(RP∞) ∼= Z/2 is the generator, and g¯ : X¯ → RP 2n is
defined by {x, y} 7→ 〈g(x)− g(y)〉. Since any two embeddings X →֒ R2n+2 are iso-
topic1, which is proved analogously to the Menger–No¨beling–Pontryagin theorem,
this well-defines ϑ(X).
Theorem 2.1 (Claytor–Skopenkov). [C], [Sk1] A locally connected 1-dimensi-
onal compactum X embeds in R2 iff ϑ(X) = 0.
1Note that they need not be ambient isotopic, even if X = In. On the other hand, it is not
hard to see that any two tame embeddings X →֒ R2n+2 are ambient isotopic, whereas Edwards
proved that any embedding in codimension ≥ 3 can be obtained by an (ambient) pseudo-isotopy
of a tame embedding.
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Remark. The idea of proof is as follows. Claytor proved that every locally con-
nected compactum, non-embeddable in the plane, contains a copy of either K5 or
K3,3 (the Kuratowski graphs) or C5 or C3,3 [C]. Here C5 is the wedge of an arc
(with basepoint at an endpoint) and the one-point compactification of Kˆ5/T (with
basepoint at infinity), where Kˆ5 is the infinite cyclic cover of K5 corresponding to
a map f : K5 → S
1 that contracts all the edges but one to 0 ∈ S1 = R/Z, and T
is an involution on Kˆ5 descending to the reflection x 7→
1
2
− x on R. C3,3 can be
described analogously starting from K3,3. Skopenkov observed that neither C˜5 nor
C˜3,3 admits an equivariant map to S
1 [Sk1]. (The reader may want to reprove this
fact along the lines of Example 2.17 below.) Finally, by the standard obstruction
theory (cf. [M5] for the polyhedral case), existence of an equivariant map X˜ → S1
is equivalent to the vanishing of θ(X).
Remark. The assumption of local connectedness is necessary in Theorem 2.1. The
p-adic solenoid Σp, i.e. the inverse limit of · · ·
p
−→ S1
p
−→ S1 does not embed in the
plane. For, assuming the contrary, we have by the Alexander duality H0(R2\Σp) ≃
H1(Σp) ≃ Z[
1
p ], but the 0-homology of an open manifold must be free abelian. On
the other hand, it was noticed by Skopenkov [Sk1] that there exists an equivariant
map Σ˜3 → S
1; therefore ϑ(Σ3) = 0.
Theorem 2.2. An n-dimensional compactum X embeds in R2n, n > 3, if and only
if ϑ(X) = 0 ∈ H2n(X¯).
This follows from Criterion 3.2, Lemma 3.3 and Proposition 3.4.
The simplicity of the statement is deceptive. Let us represent X¯ as a union of
compact subsets K0 ⊂ K1 ⊂ K2 ⊂ · · · . We have
2 Milnor’s exact sequence (see e.g.
proofs of Lemmas 2.16 and 2.18 below)
0→ lim
←−
1H2n−1(Ki)→ H
2n(X¯)→ lim
←−
H2n(Ki)→ 0.
If the coefficients are reduced mod2, the derived limit on the left hand side will
trivialize, provided that X is an ANR. Indeed, by local acyclicity the images of
the bonding maps may be assumed finitely generated [Br], whereas any inverse
sequence of finite groups satisfies the Mittag-Leffler condition.3 In particular, if
ϑ(X) lies in this derived limit, it is infinitely 2-divisible (note also it always is an
element of order two by definition).
Example 2.3 (lim1). The simplest example of an inverse sequence of abelian
groups with nontrivial derived limit is the “p-tower” . . .
p
−→ Z
p
−→ Z, whose derived
limit is Zp/Z, where Zp denotes the p-adic integers. (See [M2; Example 4] for
several geometric interpretations of this computation, involving the 0-homology of
the p-adic solenoid.) Now Zp/Z is the direct sum of an uncountable torsion-free
group and Z(p)/Z, where Z(p) ⊂ Q denotes the localization. Thus it contains no
elements of order two when p = 2 and precisely one such element when p is odd.
2The derived limit lim1 of an inverse sequence of abelian groups {Gi;πi} is the derived functor
of the inverse limit lim. A resolution due to Roos identifies lim and lim1 respectively with the
kernel and the cokernel of τ :
Q
Gi →
Q
Gi, sending (a0, a1, . . . ) to (a0 − π1a1, a1 − π2a2, . . . ).
3An inverse sequence of groups Gi satisfies the Mittag-Leffler condition, if for each i there
exists a j > i such that for each k > j the image of Gk in Gi equals that of Gj . The ML condition
is sufficient for the vanishing of lim1 and, if all Gi’s are countable, also necessary [Gr].
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Another standard example of an inverse sequence with nontrivial lim1 is “Jacob’s
ladder” . . .
incl
−−→
⊕∞
i=1 Z
incl
−−→
⊕∞
i=0 Z. The derived limit would vanish (even though
the Mittag-Leffler condition would still fail) if the sums were replaced by products.4
For brevity we shall use the notation
Hˆk(U) = lim
←−
Hk(Ki),
which is supposed to reflect the duality with Cˇech homology Hˇ∗. The image
ϑˆ(X) ∈ Hˆ2n(X¯)
of ϑ(X) obstructs only quasi-embeddability of X into R2n. Indeed, let us take each
Ki to consist of all unordered pairs {x, y} with dist(x, y) ≥ 1/i. Then a 1/i-map
fi : X → R2n yields a map f¯i : Ki → RP 2n−1, {x, y} 7→ 〈f(x)− f(y)〉, and the
projection of ϑˆ(X) to H2n(Ki) equals f¯
∗
i (ξ), which is zero.
The proof of Theorem 2.2 will be modelled after the (much easier) proof of Propo-
sition 3.1, which together with completeness of ϑ(X) for compact n-polyhedra,
n > 2 (cf. [M5]) implies
Theorem 2.4. An n-dimensional compactum X quasi-embeds in R2n, n > 2, if
and only if ϑˆ(X) = 0 ∈ Hˆ2n(X¯).
The restriction n > 2 is known to be necessary already in the polyhedral case.
In the proof of Theorem 2.2, we encounter the stronger restriction n > 3 twice, for
two apparently distinct reasons.
Problem 2.5. Is ϑ(X) complete for 3-dimensional compacta?
It follows from the definition that ϑ(X) equals e(ηX )
2n, the top power of the
the twisted Euler class of the 2-cover ηX : X˜ → X¯ (see [M5]). Even though it is an
element of order two, a care must be taken to distinguish it from w1(ηX)
2n, the top
power of the first Stiefel–Whitney class. An n-polyhedron P with w1(ηP )
2n = 0
but e(ηP )
2n 6= 0 was constructed in [M5] for each n > 1. A minor modification of
this construction yields
Example 2.6. There exists an n-dimensional compactum X withHn(X ;Z/2) = 0,
which does not quasi-embed in R2n. Specifically, such an X can be obtained from
the n-skeleton K of the (2n + 2)-simplex by replacing one n-ball in the interior
of each n-simplex σi with the one-point compactification T
∗
i of the telescope of
an inverse sequence of degree two maps Sn−1 → Sn−1. (Compare Example 2.12
below, where a direct telescope of odd degree maps is used.) Since every cocycle
with support in a point can be pushed towards the point at infinity ∗i of one of T
∗
i ,
where it becomes divisible by 2, we have Hn(X ;Z/2) = 0.
On the other hand, if g : X → R2n is an ε-map with ε sufficiently small, then
g(T ∗i ) ∩ g(σj) = ∅ whenever i 6= j (where σj denotes the modified simplex). Let
Zi be the union of σj ’s, disjoint from σi; this is an n-sphere with some small
balls replaced by Tj ’s. Given a ball B around ∗i, small enough to be disjoint from
4In addition to this assertion, the reader who would like to familiarize herself with lim1 is
invited to directly verify its non-vanishing for Jacob’s ladder and the p-tower. Some references for
lim1 can be found in [M3].
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g(σj)’s, the sphere S
n−1
N at some level N in the telescope Ti is contained in B. Then
lk (Sn−10 , Zi) =
1
2N
lk (Sn−1N , Zi) =
0
2N
= 0 ∈ Hn(Zi) ≃ Z[
1
2
]. This linking number
is the pullback of the generator under the mapH2n−1(S2n−1)→ H2n−1(Sn−10 ×Zi),
induced by the restriction of g˜i. It follows (cf. [M5; proof of Lemma 2.5]) that g˜
(restricted to X˜ \N∆, where N∆ is a neighborhood of the diagonal corresponding
to ε) is equivariantly homotopic to a map that factors through X˜i \N∆, where Xi
is constructed similarly to X except that the simplex σi is left unaltered. Arguing
by induction, we obtain an equivariant map K˜ → S2n−1, which cannot be.
Remark. If X is a locally acyclic n-dimensional compactum such that the map
Hn(X,X \ x; Z/2)→ Hn(X ; Z/2) is onto for some x ∈ X , then θˆ(X) = 0. Indeed,
by the proof of Lemma 3.6(a), Hˆ2n(K; Z/2) = 0 for all compact invariant K ⊂ X¯.
Hence from the Bockstein sequence, every element in Hˆ2n(K) is divisible by 2.
Since it may be assumed finitely generated [Bre], it contains no 2-torsion. So θ(X)
restricts trivially over every K, thus θˆ(X) = 0.
Example 2.7 (Sklyarenko’s compactum). Fix any n ≥ 2 and consider the
“local sphere” Sn−1(p) , that is the mapping telescope of a direct sequence of degree p
maps Sn−1 → Sn−1. Let X = X(n, p) be the one-point compactification of Sn−1(p) ,
and let ∞ denote the added point. It is easy to see that X is contractible and
locally contractible. It was noticed in [Skl; Example 4.6] that Hn+1(X,X \ ∞) is
non-zero.
Indeed, by the Milnor sequence this group is isomorphic to lim1Hn(X,Ui), where
Ui is the union of the first i mapping cylinders in the mapping telescope. Now
each Gi := H
n(X,Ui) ≃ Z, and each support enlargement map Gi+1 → Gi is
the multiplication by p, for the fundamental cocycle ωi with support in a point
pi ∈ Ui+1 \Ui is cohomologous with support in X \Ui−1 to pωi−1. Hence lim
1 6= 0.
Remark. Note that X embeds in R2n since there exists a pseudo-isotopy5 taking
the standard embedding Sn−1 ⊂ S2n−1 onto the map Sn−1
2
−→ Sn−1 ⊂ S2n−1.
This pseudo-isotopy can be constructed directly for n = 2 and from the Zeeman
unknotting theorem (or also directly) for n > 2.
Example 2.8. In fact, degree p maps Sn−1 → Sn−1 in Example 2.7 can be re-
placed by arbitrary maps of compact polyhedra (or ANRs) Pn−1i → P
n−1
i+1 in-
ducing a homomorphism with nontrivial cokernel on (n − 1)-homology modulo
torsion. Indeed, then · · · → Hn−1(P2) → H
n−1(P1), which is isomorphic to
· · · → Hn(X,U2)→ H
n(X,U1), does not satisfy the Mittag-Leffler condition, hence
has a nontrivial lim1.
Let us say that a compactum X movably embeds in Rm if it quasi-embeds in
Rm, and for each ε > 0 there exists a δ > 0 such that for each γ > 0, every δ-map
X → Rm is homotopic through ε-maps to a γ-map. The following corollary to
Theorem 2.2 ensures that movable embeddability implies embeddability.
Corollary 2.9. An n-dimensional compactum X, n > 3, embeds in R2n if and
only if there exists a homotopy ht : X → R2n, t ∈ [0,∞), where each ht is a
1
t
-map.
5We recall that a pseudo-isotopy of Rm is a homotopy Ht : Rm → Rm such that for each t0 < 1,
Ht0 is a homeomorphism; and the pseudo-isotopy is said to take g : X → R
m onto f : X → Rm if
H0 = id and H1g = f .
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Proof. Let Ki ⊂ X¯ be the set of all {x, y} with dist(x, y) ≤
1
i
, then the mapping
telescope Tel(· · · → K2 → K1) has the same cohomology as X¯ . 
Since the deleted product of a polyhedron is homotopy equivalent to the simpli-
cial deleted product, a compact n-polyhedron movably embeds in R2n, n > 2, iff it
embeds there. (Both this assertion and Corollary 2.9 remain true in the metastable
range, see §4.)
Example 2.10 (an AR that does not movably embed in R2n). Let X =
X(n, p) be the Sklyarenko compactum, with ∞ regarded as a basepoint. The
wedge Y := X ∨X is a contractible locally contractible n-dimensional compactum,
embeddable into R2n. We claim that Y does not movably embed into R2n.
A sequence of 1i -maps fi : Y → R
2n can be described as follows. Each fi sends
the basepoint ∞ to the center c of a 2n-ball B2n, and properly embeds each copy
of the telescope Sn−1(p) into B
2n \ {c} ∼= S2n−1× [0,∞) in a level-preserving fashion.
The two copies of the (n− 1)-sphere Si := FrX(Ui) are linked by fi in S
2n−1 × {i}
with linking number 1, and, writing π for the projection of S2n−1×R onto the first
factor, πfi(Ui⊔Ui) is contained in a regular neighborhood of πfi(Si⊔Si) in S
2n−1,
so that fi(Si−j ⊔ Si−j) has linking number p
i−j in S2n−1 × {i − j}. Next, in the
levels between i and i+ 12 we set fi to be the track of a generic unlinking homotopy
ht : Si ⊔ Si → S
2n−1, whose only double point occurs at the level i+ 1
4
. Finally, in
the levels between i+ 12 and∞ we construct fi as in the remark following Example
2.7, so that fi(Sj ⊔ Sj) is the unlink in S
2n+1 × {j} for each j > i.
Suppose that some fi is homotopic to a
1
i+1 -map through 1-maps. Let us consider
Zj = (Uj×X∪X×Uj)/T . So we have a homotopyHt : X → R2n, whose only double
points Ht(x) = Ht(y) occur for {x, y} ∈ Y¯ \Z1, from fi to the map H1 whose only
double points occur for {x, y} ∈ Y¯ \ Zi+1. Let gi : X →֒ R2n+1 be an embedding
projecting onto fi. Due to the existence of Ht, g¯
∗
i (ξ) = 0 ∈ H
2n(Zi+1, Z1). On the
other hand, since fi has a unique double point at the level i+
1
4 , g¯
∗
i (ξ) is represented
by the fundamental cocycle with support in a point {x, y} ∈ Y¯ where x and y lie
in the two copies of Ui+1 \ Ui. It follows that the restriction H
2n(Zi+1, Z1) →
H2n(Ui+1 × Ui+1, Z1 ∩ U
2
i+1) ≃ Z sends g¯
∗
i (ξ) to ±p
i−1 × pi−1 6= 0, which is a
contradiction.
Theorem 2.11. An n-dimensional compactum X, n > 3, movably embeds in R2n
if and only if ϑˆ(X) = 0 and lim1H2n−1(Ki) = 0, where Ki is a nested sequence of
compact sets in X¯ =
⋃
Ki.
The proof is similar to that of Theorem 2.2 (see also [AM1] and [M2]) and is left
to the reader.
Example 2.12 (an ANR, quasi-embeddable but non-embeddable in R2n).
Let K be the n-skeleton of the (2n+2)-simplex ∆n ∗∆n+1, n > 2. Let x be a point
in the interior of the n-cell ∆n of K and Bn be a closed n-ball in the interior U of
another n-cell of K. Let Y be K with Bn replaced with a copy of the Sklyarenko
compactum X = X(n, p), where p is odd. Let Z be Y with x and the point
∞ ∈ X identified with each other. Then Z is a locally contractible n-dimensional
compactum. We claim that Z quasi-embeds but does not embed in R2n.
Indeed, by [M5; Example 2.3], there is a map K → R2n with one transverse
double point c = d, where c lies in U \ Bn and d 6= x lies in the interior of ∆n.
By the preceding remark, one can convert this map into a map Y → R2n with one
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transverse double point c = d. By general position one can pinch the latter to get
a map Z → R2n with one transverse double point c = d. Thus ϑ(Z) is the image
of a generator ζ ∈ H2n(Z¯, Z¯ \ {c, d}). Since ϑ(Z) has order two, it also equals the
image of piζ for any given i ∈ N. But the image of piζ can be represented by a
cocycle with support in c × (X \ Ui). Thus ϑ(Zi) = 0, where Zi is Z with X \ Ui
identified to a point. Since n > 2, each Zi embeds in R2n, whence Z quasi-embeds
in R2n.
On the other hand, suppose that g : Z →֒ R2n is an embedding. Let Sn−10 denote
FrZX and S
n−1
i denote FrX(Ui) for i > 0. If g|Sn−10 ⊔∂∆n+1
has linking number l,
then g|Sn−1i ⊔∂∆n+1
has linking number p−il. Since the latter must be an integer for
every i ∈ N, the only possibility is l = 0. But this cannot be by [M5; Lemma 2.5].
Theorem 2.2 has the following
Corollary 2.13. Any mod2 locally acyclic n-dimensional compactum, n > 3,
quasi-embeddable in R2n−1, embeds in R2n.
See discussion preceding Corollary 3.5 for a different proof of a special case of
Corollary 2.13.
Proof. Let X be the compactum, η : X˜ → X¯ the cover, and Ki ⊂ X¯ the set of
all unordered pairs {x, y} with dist(x, y) ≥ 1/i. Then a 1/i-map fi : X → R2n−1
yields a map f¯i : Ki → RP 2n−2, {x, y} 7→ 〈f(x)− f(y)〉, and the restriction of
w1(η)
2n−1 to H2n−1(Ki) equals f¯
∗
i (ξ), which is zero. Since X is locally acyclic mod
2 and Ki ⊂ IntKi+1, the image of H
2n−2(Ki+1;Z/2) in H2n−2(Ki;Z/2) is finitely
generated [Bre], hence finite. Then the inverse sequence of H2n−2(Ki;Z/2) satisfies
the Mittag-Leffler condition, so its derived limit vanishes, hence w1(η)
2n−1 = 0
from the Milnor sequence. But ϑ(X) = e(η)2n is the Bockstein image of w1(η)
2n−1
(cf. [M5]), so it vanishes. 
We note that among locally acyclic compacta are all homology manifolds.
Corollary 2.14. A mod2 locally acyclic inverse limit of n-manifolds embeds in
R2n, n > 3, if either the manifolds are all orientable, or n is not a power of 2.
Duvall and Husch show that for n = 2l, an inverse limit of 3-coverings between
connected sums of RPn’s, and the inverse limit of trivial 2-coverings between disjoint
unions of 2i copies of RPn’s (that is, RPn cross the Cantor set) do not embed into
R2n even up to shape [DH]. These compacta are, of course, not locally acyclic.
However, the condition of local acyclicity is necessary in Corollary 2.14 by the
following example.
Example 2.15 (Akhmetiev’s compactum). For each n = 2l − 1 the 2-cover
p : Sn → RPn composed with any topological embedding RPn →֒ R2n is not ap-
proximable by topological embeddings (for n = 1, 3, 7 see [M4; Examples 1 and
3] and for l > 3 also [DH; Example 4.8]). It follows that the “discrete mapping
cylinder” of p, that is, X := Sn × N∗/(x,∞)∼(−x,∞), where N
∗ = N ∪ {∞} denotes
the one-point compactification of N, does not embed in R2n. Note that X is the
inverse limit of the n-manifolds Mi := S
n
1 ⊔· · ·⊔S
n
i ⊔RP
n (which are parallelizable
for n = 1, 3, 7) and the bonding maps Mi+1 → Mi that restrict to the identity on
Mi ⊂Mi+1 and to the 2-cover S
n
i+1 → RP
n.
This example answers [M2; Problem in the end of §3] in the case n = 3, 7. Partial
results on the remaining case n = 2 were obtained in [CF].
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ϑ(X) can be computed using the following
Lemma 2.16 (geometric computation of ϑ). Let X be an n-dimensional com-
pactum, quasi-embeddable in R2n.
(a) Let fi : X → R2n be an
1
i
-map for each i ∈ N. Let Ki ⊂ X¯ consist of all pairs
{x, y} with dist(x, y) ≥ 1i , and pick some homotopy Hi : Ki × I → RP
∞ between
f¯i : Ki → RP 2n−1 ⊂ RP∞ and the restriction of f¯i+1. Let d(fi, fi+1) ∈ H2n−1(Ki)
be the image of H∗i (Ξ) ∈ H
2n(Ki×I,Ki×∂I) under the Thom isomorphism, where
Ξ ∈ H2n(RP∞,RP 2n−1) ≃ Z is a fixed generator. Then ϑ(X) ∈ lim1H2n−1(Ki) =
coker τ is the coset of (d(fi, fi+1)) ∈
∏
H2n−1(Ki), where τ :
∏
H2n−1(Ki) →∏
H2n−1(Ki) is given by τ(a1, a2, . . . ) = (a1 − a2|K1 , a2 − a3|K2 , . . . ).
(b) Suppose that X is the inverse limit of {Pi; p
i
j} so that each p
∞
i : X → Pi is
a 1
i
-map and each Pi admits an embedding gi into R2n. Let q∞i : Ki → P˜i be the
restriction of p∞i × p
∞
i and let q
i
i−1 : P¯i \ Σ(p
i
i−1) → P¯i−1 lift to the restriction of
pii−1 × p
i
i−1, where Σ(f) denotes the set of all unordered pairs {x, y} with x 6= y
and f(x) = f(y). Then d(gip
∞
i , gi−1p
∞
i−1) = (q
∞
i )
∗d(g¯i, g¯i−1q
i
i−1), where d(ϕ, ψ) is
the first obstruction to homotopy of ϕ and ψ.6
In particular, ϑ(X) = 0 if and only if the infinite system of equations
xi − p(xi+1) = (q
∞
i )
∗d(g¯i, g¯i−1q
i
i−1)
in the inverse sequence · · ·
p
−→ H2n−1(K2)
p
−→ H2n−1(K1) is soluble.
Proof. Part (b) is clear. Let T be the telescope of the sequence of inclusions
K1 ⊂ K2 ⊂ · · · , and let p : T → X¯ be the projection and H : (T,
⊔
Ki × i) →
(RP∞,RP 2n) be obtained by combining the Hi’s. Then p∗ : H2n(X¯)→ H2n(T ) is
an isomorphism, which sends ϑ(X) to H∗(ξ), where ξ ∈ H2n(RP∞) is the gener-
ator. On the other hand, H∗(ξ) is the image of H∗(Ξ) under the homomorphism
H2n(T,
⊔
Ki × i)→ H
2n(T ). Hence H∗(ξ) = 0 if and only if H∗(Ξ) lies in the im-
age of δ∗ : H2n−1(
⊔
Ki × i)→ H
2n(T,
⊔
Ki × i). The latter can be identified with
f , whence the coset of H∗(Ξ) in coker δ∗ gets identified with ϑ(X) ∈ coker τ . 
Remark. The statement of Lemma 2.16 may look cumbersome, but it formalizes
a simple idea. If X is a polyhedron, θ(X) ∈ H2n(X¯) can be represented by the
double point set Σ(f) ⊂ X¯ of a generic PL map X → R2n (see [M5]). To be precise
about geometrically representing cohomology classes, the representatives must be
thought of as mock bundles (with codimension two singularities, which however do
not occur in the present context, for a good reason [M5; §4]). If X is a compactum
that is sufficiently “tame” to be considered as a polyhedron with singularities (e.g.
if it is a Z-compactification of an infinite polyhedron), and it admits a “generic”
map f into R2n, whose double points do not directly involve the singularities, one
can apply the same method to f . Another option, which works for arbitrary X , is
to apply this method to a level-preserving generic map of the mapping telescope of
6Given two maps ϕ, ψ : P¯i \ Σ(p
i
i−1) → RP
2n−1, classifying the restriction of the 2-cover
P˜i → P¯i and coinciding on the (2n− 2)-skeleton, d(ϕ,ψ) ∈ H
2n−1(P¯i \Σ(p
i
i−1);π2n−1(RP
2n−1))
is defined to be to the class of the cocycle, assigning to a (2n − 1)-cell σ the homotopy class of
the map ϕ ∪ ψ : σ ∪∂σ σ → RP
2n−1. If ϕ and ψ are homotopic on the (2n − 2)-skeleton, let
ψ′ be homotopic to ψ and coincide with ϕ on the (2n − 2)-skeleton, then d(ϕ,ψ) := d(ϕ,ψ′) is
well-defined.
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an inverse sequence of nerves of X into R2n× [0,∞). Writing this out produces the
statement of Lemma 2.16, where the difference d(g¯i, g¯i−1q
i
i−1) is now interpreted
geometrically, as represented by the double point set of a generic homotopy between
gi−1q
i
i−1 and gi, restricted to P¯i \ Σ(p
i
i−1).
Example 2.17 (the Ljubljana compactum). Let T be the cone over the (n−1)-
skeleton of the 2n-simplex (e.g. T=triod when n = 1), and let N∗ = N ∪ {∞}
denote the one-point compactification of N. Let us show that the contractible n-
dimensional compactum T × N∗ ∪ c × [0,∞] does not embed in R2n, reproving
the result of [RSS] (see also [RS], [KR]). The same argument works if T is an n-
dimensional product of the cones over the ni-skeleta of (2n+2)-simplices (e.g. the
product of n triods).
It suffices to show that T × N∗ does not embed in R2n. Now T × N∗ contains
the union K of the increasing sequence of compacta
Ki = T¯s ×∆N∗ ∪ T˜s × N¯
∗
i ∪ T
2 × (N¯∗ \ N¯∗i ),
where N∗i = {i, i + 1, . . . ,∞} and s stands for the simplicial deleted product (see
[M5]). By functoriality of the Euler class it suffices to show that e(η)2n 6= 0, where η
denotes the restriction of the 2-cover T˜ × N∗ → T × N∗ over K (see [M5]). Since N∗
is the inverse limit of the finite sets {1, 2, . . . , j}, each Ki is the inverse limit of the
compact polyhedra obtained from Ki by replacing each occurrence of N∗ (resp. N∗i )
with {1, 2, . . . , j} (resp. {i, i+1, . . . , j}). Since the 2-cover T˜s → T¯s is homeomorphic
to the 2-cover S2n−1 → RP 2n−1 (see [M5]), it follows that H2n−1(Ki) can be
identified with the subgroup Gi of
(∏
j≥1 2Z
)
×
∏
j≥i
∏
k>j Z consisting of all
integer sequences (njk), where k ≥ j and either j ≥ i or k = j, with each njj ∈ 2Z
and eventually stabilizing as k → ∞ in the sense that ∃k0 ∀j ≥ i ∀k ≥ max(j, k0)
njk = nmin(j,k0),k0 . (Thus abstractly G ≃
⊕
l≥1 Z.) We have the commutative
diagram
. . .
p2
−−−−→ G2
p1
−−−−→ G1y y
. . . −−−−→
(∏
j≥1
2Z
)
×
∏
j≥2
∏
k>j
Z −−−−→
(∏
j≥1
2Z
)
×
∏
j≥1
∏
k>j
Z,
and H2n−1(K) is isomorphic to the inverse limit of the upper row.
Similarly, each G′i := H
2n−1(Ki; Z/2) can be identified with the subgroup of all
eventually stabilizing sequences in
(∏
j≥1 2Z/4
)
×
∏
j≥i
∏
k>j Z/2. It is easy to see
that w1(η)
2n−1 ∈ H2n−1(K; Z/2) ≃ limG′i has all njj = 2 + 4Z ∈ 2Z/4 and all
njk = 0 whenever k > j.
We will now compute e(η)2n using Lemma 2.18 below.7 First we find a lift of
w1(η) into some (n
1
jk, n
2
jk, . . . ) ∈
∏
Gi. We may take all n
i
jj = 2 ∈ 2Z and all
7A computation of e(η)2n based on Lemma 2.16 may be shorter, if the proof of Lemma 2.18 is
taken into account. The arguments in [RSS], [RS], [KR] are also not hard; yet another option is
to induce ϑ(T × N∗) from ϑ(T × I). The point here is to illustrate Lemma 2.18, which may find
other applications in the context of Problem 1.1.
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nijk = 2 ∈ Z when k > j. (We may not take all n
i
jj = 2 and all n
i
jk = 0 when k < j,
since such a sequence does not eventually stabilize.) Now let mi = ni − pi(n
i+1),
i.e. mijk = n
i
jk − n
i+1
jk when n
i+1
jk is defined, and m
i
jk = n
i
jk otherwise. Then
mijk = 0 when j > i or k = j and m
i
ik = 2 for all k > i. By Lemma 2.18,
e(η)2n ∈ lim1Gi is represented by (m
1/2, m2/2, . . . ). It is not hard to see that this
element is nontrivial, that is, the infinite system of equations xi− pi(xi+1) = m
i/2
has no solution. The system xi − pi(xi+1) = m
i admits the solution xi = n
i, in
accordance with 2e(η)2n = 0.
Lemma 2.18 (intrinsic computation of ϑ). Let η be a 2-cover of the union K
of a sequence K1 ⊂ K2 ⊂ · · · , and suppose that H
2n(Ki) = 0 = H
2n−2(Ki; Z/2)
for each i. Then the element e(η)2n ∈ lim1H2n−1(Ki) is the image of w1(η)
2n−1 ∈
limH2n−1(Ki; Z/2) under the connecting homomorphism from the six-term exact
sequence corresponding to the short exact sequence of inverse sequences
0 −→ H2n−1(Ki)
2
−→ H2n−1(Ki) −→ H
2n−1(Ki; Z/2) −→ 0.
Note that the nature of η is irrelevant for the conclusion.
Proof. Let T be the telescope of the sequence of inclusions K1 ⊂ K2 ⊂ · · · , and let
p : T → K be the projection. Then p∗ : Hm(K)→ Hm(T ) is an isomorphism, and
limHm(Ki) is the image of H
m(T ) in Hm(
⊔
Ki × i) ≃
∏
Hm(Ki). The image of∏
Hm−1(Ki) ≃ H
m(T,
⊔
Ki × i) in H
m(T ) is isomorphic to lim1Hm−1(Ki) (see
proof of Lemma 2.16).
On the other hand, limH2n−1(Ki) and lim
1H2n−1(Ki) are the cohomology
groups of the 1-dimensional cochain complex
∏
H2n−1(Ki)
τ
−→
∏
H2n−1(Ki) with
coboundary τ(a1, a2, . . . ) = (a1 − a2|K1 , a2 − a3|K2 , . . . ). This τ can be identi-
fied with δ∗ : H2n−1(
⊔
Ki × i) → H
2n(T,
⊔
Ki × i). So what we need to show is
that e(η)2n ∈ im
[
H2n(T,
⊔
Ki × i)→ H
2n(T )
]
lifts to an y ∈ H2n(T,
⊔
Ki × i)
such that 2y = δ∗(z), where z mod 2 ∈ H2n−1(
⊔
Ki × i; Z/2) coincides with
w1(η)
2n−1 ∈ im
[
H2n−1(T ; Z/2)→ H2n−1(
⊔
Ki × i; Z/2)
]
.
Now e(η)2n ∈ H2n(K) is the Bockstein image of w1(η)
2n−1 ∈ H2n−1(K; Z/2)
(see [M5]). Hence e(p∗η)2n ∈ H2n(T ) is the Bockstein image of w1(p
∗η)2n−1 ∈
H2n−1(T ; Z/2). In other words, e(p∗η)2n = [Y ] where 2Y = δZ where [Z mod 2] =
w1(p
∗η)2n−1.
Since H2n(T,
⊔
Ki × i) → H
2n(T ) is onto, we may assume that Y vanishes on
L :=
⊔
Ki × i; set y = [Y ]. Then δ(Z|L) = δZ|L = Y |L = 0, i.e. Z|L is a cocycle;
set z = [Z|L]. Finally, δ
∗(z) = [X ] where X = δW where W |L = Z|L. We may
take W = Z, thus δ∗(z) = [δZ] = 2[Y ] = 2y. 
3. Proofs
Proposition 3.1. Let X be the limit of an inverse sequence {Xi; p
i
j} of compact
n-polyhedra and PL maps, n > 1. If ϑˆ(X) = 0, then for each k and ε > 0 there
exists an l > k such that the composition of plk and an ε-map Xk → Y , factors
through a compact n-polyhedron K with ϑ(K) = 0.
Proof. If ϕ is a map to Xk, let Σε(ϕ) denote {{x, y} | dist(ϕ(x), ϕ(y)) < ε}. By
naturality of the Euler class, the image of ϑˆ(X) inH2n(X¯\Σε(p
∞
k )) = lim−→
H2n(X¯i\
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Σε(p
i
k)) is the thread consisting of the restriction images of ϑ(Xi), i ≥ k. Since
ϑˆ(X) = 0, there exists an l > k such that the restriction image of ϑ(Xl) in H
2n(X¯l\
Σε(p
l
k)) is zero. In other words, ϑ(Xl) can be represented by a cocycle with support
in Σε(p
l
k). Since this cocycle is top-dimensional, its support can be chosen in a finite
set S/T ⊂ Σε(p
l
k), disjoint from the (2n− 1)-skeleton of some triangulation of X¯l.
After a small perturbation of S/T we may assume that its 2-cover S ⊂ X˜l
projects injectively onto the first factor ofXl×Xl and the set R := (p
l
k×p
l
k)(S)\∆Xk
projects injectively onto the first factor of Xk ×Xk. For each (x, y) ∈ R we have
dist(x, y) < ε. Viewing S and R (or rather S ∪∆Xl and R ∪∆Xk) as equivalence
relations on Xl and Xk, we have that the composition of p
l
k and the quotient ε-map
π : Xk → Xk/R factors through the quotient K := Xl/S.
The quotient map Xl → K induces a surjection q : X¯l \ S → K¯, which identifies
{x, a} with {x, b} whenever {a, b} ∈ S. The cone of q collapses onto an (n + 1)-
polyhedron, and therefore q induces an isomorphism on 2n-cohomology as long as
n ≥ 2. The image of ϑ(K) under the latter coincides by naturality of the Euler
class with the image of ϑ(Xl) under the restriction H
2n(X¯l) → H
2n(X¯l \ S/T ).
Since the latter is zero by the above, ϑ(K) = 0. 
Remark. One may wonder whether it is possible to do without the ε-map in Propo-
sition 3.1. It would certainly be superfluous if we knew that (i) H2n(X¯ \ Σ(p∞k ))
is the direct limit of H2n(X¯i \ Σ(p
i
k)), and moreover, (ii) the image of ϑ(X) in
H2n(X¯ \ Σ(p∞k )) (rather than just the image of ϑˆ(X) in Hˆ
2n(X¯ \ Σ(p∞k ))) is zero.
As for (i), the letter X (viewed as a finite graph, namely the cone over 4 points)
is the limit of an inverse sequence of the letters H, with bonding maps shrinking
the horizontal segment onto an increasingly small subsegment in the center and
fixing the four boundary points ∂H. Similarly, the double X of the letter X (that
is, the suspension over 4 points) is the inverse limit of the doubles Xi :=H∪∂HH
of the letters H and the doubled bonding maps pij . Consider a nonzero element
α ∈ H2(X¯1) represented by a cocycle with support in {l, r}, where l (resp. r) is the
left (resp. right) lower endpoint of the letter H, viewed as contained in ∂H⊂ X1.
The image of α in H2(X¯ \Σ(p∞1 )) is zero, but its images in H
2(X¯i \Σ(p
i
1)) are all
nonzero. Hence the assertion (i) does not hold. Moreover, it is clear that no bonding
map pi1 factors through a map p : K → X1 such that α trivializes in H
2(K¯ \Σ(p)).
Concerning (ii), note that lim
−→
does not always commute with lim
←−
. For instance,
lim
−→
(
∏
k≥1
Z −→
∏
k≥2
Z −→ . . . ) ≃
∏
Z
/⊕
Z 6= 0,
whereas lim
−→
(
∏i
k=1 Z −→
∏i
k=2 Z −→ . . . ) = 0 for each i ∈ N.
Criterion 3.2. A compactum X embeds in Rm iff for each i ∈ N there exist a
1
i -map fi : X → R
m and a pseudo-isotopy Hit : R
m → Rm taking fi+1 onto fi.
Antecedents of this criterion and its proof include those in [I] and [SS].
Remark. The following was proved in [SS] using Shtanko’s theory of embedding
dimension [Sht]. If m − n ≥ 3 and an n-dimensional compactum X embeds in
Rm, then X can be decomposed into an inverse sequence {Xi; pij} of compact n-
polyhedra and PL maps such that there exist PL embeddings fi : Xi → Rm and
PL pseudo-isotopies Hit : R
m → Rm taking fi+1 onto fip
i+1
i .
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Proof. Consider the maps g1 = f1, g2 = H
1
ε1
f2, g3 = H
2
ε2
H1ε1f3, etc., where the
εi’s are chosen so small that each gi+1 is δi-close to gi, where δi = min{
γj
3i+1−j |
1 ≤ j ≤ i} and γj > 0 is such that dist(gj(x), gj(y)) ≥ 2γj whenever dist(x, y) ≥
1
j .
Since δ1 + δ2 + . . . has a convergent majorant γ1(
1
3 +
1
9 + . . . ), the gi’s uniformly
converge to a map g : X → Rm. Since δi + δi+1 + · · · ≤
γi
2 , for any points x, y ∈ X
with dist(x, y) ≥ 1i , the triangle axiom implies dist(g(x), g(y)) ≥ 2γi−
γi
2 −
γi
2 > 0.
Thus g is an embedding. 
The content of Criterion 3.2 is illustrated by the following simple observation.
Proposition. If P is a compact n-polyhedron, for every PL map f : P → R2n+1
there exists a PL embedding g : P → R2n+1 and a PL pseudo-isotopy of R2n+1
taking g onto f .
Remark. The following addendum to this proposition was proved in [M1]: if n > 1,
then for each ε > 0 there exists a δ > 0 such that any PL embedding, δ-close
to f , can be taken onto f by a PL ε-pseudo-isotopy. This is not the case for
n = 1 [M1]. The proposition and the addendum hold even if R2n+1 is replaced
with any Rm, where m− n ≥ 3 [M1]. On the other hand, the proposition and the
addendum remain true if one drops all occurrences of “PL”, provided that n > 1
[M1]. When n = 1, this is not so for the addendum (it can be shown, using the
first author’s multivariable version of the Conway polynomial, that the Bing sling
precomposed with the trivial 2-cover of S1 cannot be obtained by a pseudo-isotopy
of any embedding), and whether this is so for the proposition depends on a certain
conjecture in classical (tame) link theory.
Proof. In some triangulations where f is simplicial, let Q be the 2n-skeleton of the
dual cell complex C of R2n+1, and let R denote the (n − 1)-polyhedron f−1(Q).
By general position, there exists a PL embedding g|R : R → Q and a PL pseudo-
isotopyHt|Q : Q→ Q such that H0 = id andH1(g|R) = f |R. Extend g|R by general
position to an arbitrary PL embedding g : P →֒ R2n+1 such that g−1(v∗i ) = f
−1(v∗i )
for each (2n+1)-cell v∗i of C dual to a vertex vi of the triangulation of R
n+1. Viewing
Ht as H : Q× I → Q× I, extend it conewise to each cone (vi, 1) ∗ (∂v
∗
i × I), whose
“inner” boundary is Di := (vi, 1) ∗ (∂v
∗
i × 0), and then conewise to each cone
(vi, 0) ∗Di. Then H1g = f . 
Notation. If f : X → Y is a map, let Σ(f) ⊂ X¯ denote the set of all unordered
pairs {x, y} of distinct points of X such that f(x) = f(y). If an (n+1)-dimensional
σ-compactum T is naturally equipped with a proper map △ : T → [0,∞) (its choice
will be clear from the context in each case), we define T¯△ = Σ(△) ⊂ T¯ , its double
cover T˜△ ⊂ T˜ , and ϑ△(T ) = e(T˜
△ → T¯△)2n.
Lemma 3.3. Let T be the mapping telescope of an inverse sequence {Xi; p
i
j} of
compact n-polyhedra and PL maps, n > 3. If ϑ△(T ) = 0, then for each i there
exists a PL embedding gi : Xi →֒ R2n and a PL pseudo-isotopy taking gi+1 onto gi.
Proof. We have G∗(ξ) = 0 for some G : T¯△ → RP 2n+1 classifying η : T˜△ → T¯△,
where ξ ∈ H2n(RP 2n+1) is the generator. Let U be some triangulation of the
(2n+1)-polyhedron T¯△. We may assume thatG(U (2n−1)) ⊂ RP 2n−1. Then G∗(ξ) is
by definition the obstruction to the existence of a map U (2n) → RP 2n−1, coinciding
with G on U (2n−2). By the obstruction theory, such a map exists; if n > 1, it still
classifies η. The obstruction to the existence of a map U → RP 2n−1, coinciding
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on U (2n−1) with the map just constructed, lies in H2n+1(U ; π2n(RP 2n−1)). (The
coefficient sheaf is constant since its stalks have order two.)
This group can be computed from the Milnor exact sequence
0→ lim
←−
1H2n(Ui;Z/2)→ H
2n+1(U ;Z/2)→ lim
←−
H2n+1(Ui;Z/2)→ 0,
where Ui =△
−1 ([0, i]). The inverse sequence on the left hand side consists of finite
groups, hence satisfies the Mittag-Leffler condition and therefore has trivial derived
limit. On the other hand, each Un collapses onto the (2n)-polyhedron
X¯0 ∪
n⋃
i=1
Ni ∪ Cyl
[
(pii−1 × p
i
i−1)|FrNi
]
,
where each Ni is the second derived neighborhood of “Σ(p
i
i−1)∪infinity” in some
triangulations of X¯i where p
i
i−1 are simplicial for i ≤ n. Thus H
2n+1(U ;Z/2) = 0.
By the obstruction theory there exists a map F : U → RP 2n−1 classifying η. By
the covering theory, F lifts to a map T˜△ → S2n−1; it is necessarily equivariant if
T˜△ is connected, and otherwise can be easily made equivariant.
Now T˜△ contains the mapping telescope of the inverse sequence of polyhedra
X˜i and partial maps q
i+1
i : X˜i+1 ⊃ X˜i+1 \ Σ(p
i+1
i ) → X˜i obtained by restricting
pi+1i ×p
i+1
i . Thus there is a sequence of equivariant maps Fi : X˜i → S
2n−1 such that
each Fi+1 restricted to X˜i+1 \Σ(p
i+1
i ) is equivariantly homotopic to Fiq
i+1
i . By the
Haefliger–Weber criterion there exist embeddings gi : Xi →֒ R2n such that each g˜i is
equivariantly homotopic to Fi. It follows that each g˜i+1 restricted to X˜i+1\Σ(p
i+1
i )
is equivariantly homotopic to g˜ip
i+1
i . Then by the rel∂ version of the Haefliger–
Weber criterion, a computation of the deleted product of a mapping cylinder and
some PL topology [Sk2; Pseudo-isotopy Theorem 5.5]+[M1; Theorem 1.12] there
exists a PL pseudo-isotopy taking gi+1 onto gi. (The proof of Theorem 5.5 in [Sk2]
contains a minor gap: it is not proved there that a PL pseudo-concordance can be
split into a PL pseudo-isotopy and a genuine PL concordance — a fact less obvious
than its DIFF counterpart; luckily, it was verified in [M1].) 
Proposition 3.4. Let X be the limit of an inverse sequence {Xi; p
i
j} of compact
n-polyhedra and PL maps. Let T1 be its mapping telescope, and if h : N→ N is an
increasing sequence, let Th denote the mapping telescope of {Xh(i); p
h(i)
h(j)} and let
sh1 : Th → T1 be the fiberwise map obtained by combining the p
h(i)
i ’s.
(a) If ϑ(X) = 0, then for any proper map ε : N→ (0, 1] there exists an increasing
sequence l : N → N such that after amending each pi+1i by a self-map of Xi, ε(i)-
close to the identity, ϑ△(Tl) can be represented by a cocycle with support in Σ(s
l
1).
(b) If n > 3 and ϑ△(Tl) can be represented by a cocycle with support in Σ(s
l
1),
then sl1 fiberwise factors through the mapping telescope K of an inverse sequence
{Ki; q
i
j} of compact n-polyhedra and PL maps such that ϑ△(K) = 0.
(c) There exists a proper map ε : N → (0, 1] such that the inverse limit of any
{Ki; q
i
j} satisfying the above with this ε is homeomorphic to X.
Proof. (a). Since each pi+1i is uniformly continuous, without loss of generality
dist(x, y) < ε(i + 1) for x, y ∈ Xi+1 implies dist(p
i+1
i (x), p
i+1
i (y)) < ε(i). If ϕ
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is a map to T1, let Σε(ϕ) denote the set of all unordered pairs {x, y} such that
△ (ϕ(x)) =△ (ϕ(y)) =: t and dist(ϕ(x), ϕ(y)) < ε(⌈t⌉).
Step 1: ∃l such that ϑ△(Tl) can be represented by a cocycle with sup-
port in Σε(s
l
1). Write T∞ = X × [0,∞), and let s
∞
1 : T∞ → T1 be the projection.
By naturality of the Euler class, the image of ϑ△(T∞) in H
2n(T¯△∞ \ Σε(s
∞
1 )) =
lim
−→
H2n(T¯△h \ Σε(s
h
1)) (the direct limit over all increasing sequences h : N → N) is
the thread consisting of the restriction images of ϑ△(Th). Since ϑ(X) = 0, we have
ϑ△(T∞) = 0, hence there exists an increasing sequence l : N → N such that the
restriction image of ϑ△(Tl) in H
2n(T¯△l \Σε(s
l
1)) is zero. In other words, ϑ△(Tl) can
be represented by a cocycle with support in Σε(s
l
1).
Since this cocycle is of codimension one, its support can be chosen in a 1-
polyhedron S/T ⊂ Σε(s
l
1), where S ∪ ∆Tl is a subpolyhedron of Tl × Tl, and
S ⊂ T˜△l is disjoint from the (2n− 1)-skeleton
⋃
i(αXl(i) × αXl(i))
(2n−2) × (i− 1, i]
for some triangulations αXi of Xi such that each p
i+1
i is simplicial in αXi+1 and
some subdivision of αXi. We may assume that ε(i) is less than the minimal dis-
tance between disjoint simplices of αXi. Let Xl denote
⋃
Xl(i) × {i} ⊂ Tl and let
1+ : N → N be given by 1+(i) = i + 1. Without loss of generality l(i − 1) > i for
each i, so sl1+ : Tl → T1+ is defined.
Step 2: S/T ∩ X¯△l ⊂ Σ(s
l
1+) after amending each p
i+1
i by a self-map
of Xi, ε(i)-close to the identity. Fix some i ∈ N. Without loss of generality,
Ai := S ∩ X˜l(i−1) is a finite set. After a small perturbation (of S/T ) we may
assume that Bi := p
l(i−1)
i × p
l(i−1)
i (Ai) projects injectively to the first factor of
Xi × Xi. Since Ai ⊂ Σε(i)(p
l(i−1)
i ), for each (x, y) ∈ Bi we have dist(x, y) < ε(i).
Since ε(i) < mesh(αXi), the projection Bi ⊂ Xi × Xi → Xi extends to a map
λi : Cyl(Bi → Bi/T ) → Xi, which sends Bi/T to the set α
∗X
(1)
i ∩ αX
(n−1)
i of the
barycenters of all (n−1)-simplices of αXi, and embeds the complement of Bi/T into
the complement of αX
(n−1)
i . Then the image of λi is a disjoint union of 1-polyhedra
Cij (specifically, cones over finite sets), each of diameter < ε(i), collapsible onto
their intersections with αX
(n−1)
i . Hence each Cij is shrinkable, that is, if N is
its second derived neighborhood in αXi, then (N,FrN) is PL homeomorphic to
(N/Cij ,FrN). Viewing Ci :=
⋃
Cij × Cij (or rather Ci ∪∆Xi) as an equivalence
relation on Xi, consider the quotient ε(i)-map πi : Xi → Xi/Ci. Since each Cij is
shrinkable, πi is arbitrarily closely approximable by a homeomorphism hi : Xi →
Xi/Ci, and since each Cij has diameter < ε(i), gi := h
−1
i πi is a self-map of Xi,
ε(i)-close to the identity. Writing p´i+1i for gip
i+1
i , we have Ai ⊂ Σ(p´
i+1
i ) since
Bi ⊂ Ci. Writing p´
j
i for p´
i+1
i . . . p´
j
j−1, we also have Ai ⊂ Σ(p´
l(i−1)
i ) since Ai may
be assumed disjoint from (p
l(i−1)
j × p
l(i−1)
j )
−1(Cj) for each j with l(i− 1) > j > i.
Let T´l be the mapping telescope of {Xl(i), p´
l(j)
l(i)}, and define s´
l
h : T´l → T´h by
combining the p´
l(i)
h(i)’s. We have S/T ∩ X¯
△
l ⊂ Σ(s´
l
1+). To keep track of the entire S,
we need to devise a map Tl → T´l. The bonding maps p´
j
k admit another definition
in the case where j is known as a function of k, in particular when k = l(i) and
j = l(i + 1) for some i. Let C
[j]
k = Ck ∪ p
k+1
k (Ck+1) ∪ · · · ∪ p
j−1
k (Cj−1). We
may assume that C
[j]
k is collapsible onto finitely many points, and is disjoint from
X
(n−1)
k , except possibly at some of these points. (To achieve this, we need to make
sure e.g. that C¯k+h is disjoint from Σ(p
k+h
k ) for each h < j − k, which requires
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knowing j = j(k) in advance.) Then we may use C
[j]
k to similarly define a map
g
[j]
k : Xk → Xk with finitely many nontrivial point-inverses, all of them shrinkable
and of diameter < ε(k), and such that p´jk = g
[j]
k p
j
k.
Let ϕ : Tl → T´l be obtained by taking the quotient of each Xl(i−1)×[i−
3
2
, i−1] ⊂
Tl, identified with Cyl(g
[l(i)]
l(i−1)), by the projection Cyl(g
[l(i)]
l(i−1)) → Xl(i−1) onto the
image of g
[l(i)]
l(i−1). Since C
[l(i)]
l(i−1) is disjoint from Ai, ϕ
′(S/T ∩ X¯△l ) = S/T ∩ X¯
△
l ⊂
Σ(s´l1+), where ϕ
′ : T¯l \ Σ(ϕ)→
¯´
Tl lifts to the restriction of ϕ× ϕ. We may assume
that S/T is disjoint from Σ(ϕ) and more generally ϕ−1(ϕ(x)) = {x} whenever
(x, y) ∈ S. Since the cone of ϕ is PL homeomorphic to a (genuine) cone, so is that
of ϕ′, and consequently that of its restriction ψ : T¯l \ (Σ(ϕ)∪ S/T )→
¯´
Tl \ϕ
′(S/T ).
Hence ψ is a homology equivalence, and so ϑ△(T´l) can be represented by a cocycle
with support in S´/T := ϕ′(S/T ). By the above, S´/T ∩ X¯△l is contained in Σ(s´
l
1+).
In the remainder of the proof we shall not use the original pij, Tl, s
l
h, S; these
symbols will be recycled to denote what was previously referred to as p´ij, T´l, s´
l
h, S´.
Step 3: S/T ⊂ Σ(sl1) after further amending each p
i+1
i by a self-map of
Xi, ε(i)-close to the identity. Let Si ⊂ Xl(i−1) ×Xl(i−1) denote the projection
of S ∩ X˜l(i) × (i− 1, i], and consider Ri := p
l(i−1)
i × p
l(i−1)
i (Si). From Step 2,
p
l(i−1)
i ×p
l(i−1)
i sends both S ∩ X˜l(i−1) and p
l(i)
l(i−1)(S ∩ X˜l(i)) into ∆Xi . Since n > 2,
we may assume that Ri projects injectively onto the first factor of Xi×Xi. Let R
#
i
be the preimage of αX
(n−1)
i under this projection, which without loss of generality
is a finite set. Since S ⊂ Σε(s
l
1), for each (x, y) ∈ Ri we have dist(x, y) < ε(i). Let
Pi and P
#
i be the quotients of Cyl(Ri → Ri/T ) and Cyl(R
#
i → R
#
i /T ) obtained
by shrinking to points the point-inverses of the projection of (Ri ∩∆Xi) × I onto
the first factor; we may assume that Ri ∩∆Xi ⊂ R
#
i . Since ε(i) < mesh(αXi), the
projection Ri ⊂ Xi ×Xi → Xi extends to a map µi : Pi → Xi which sends R
#
i /T
to α∗X
(2)
i ∩ αX
(n−2)
i and Ri/T to α
∗X
(2)
i ∩ αX
(n−1)
i , and embeds P
#
i \ (R
#
i /T )
into αX
(n−1)
i \ αX
(n−2)
i and Pi \ (Ri/T ∪ P
#
i ) into Xi \ αX
(n−1)
i . Then µi(P
#
i )
is a disjoint union of shrinkable 1-polyhedra Dij of diameter < ε(i) each. We
may view Di :=
⋃
Dij × Dij (or rather Di ∪ ∆Xi) as an equivalence relation
on Xi. Now µi(Pi)/Di is a union of 2-polyhedra Eij, disjoint from each other
except at the finite set α∗X
(2)
i ∩ αX
(n−2)
i ; each Eij is of diameter < ε(i) and
meets precisely one open (n − 1)-simplex of αX
(n−1)
i . The projection Pi → Ri/T
descends to maps νij : Eij → Eij ∩ αX
(n−1)
i , and it is easy to see that if N is the
second derived neighborhood of Eij in αXi relative to αX
(n−2)
i , then (N,FrN) is
PL homeomorphic to (N/νij ,FrN) keeping N ∩ αX
(n−2)
i fixed.
8 It follows that
if νi : µi(Pi) → µi(Ri/T ) lifts to the projection Pi → Ri/T , the quotient ε-map
Πi : Xi → Xi/νi, shrinking the point-inverses of νi to points, is arbitrarily closely
approximable by a homeomorphismHi : Xi → Xi/νi, and the self-map fi := H
−1
i Πi
of Xi is ε(i)-close to the identity.
Let us now write p`i+1i for fip
i+1
i . In the obvious fashion one defines p`
i
j , T`h,
s`l1 : T`l → T`1, η : Tl → T`l and η
′ : Tl \ Σ(η) → T`l, and verifies that ϑ△(T`l) can be
represented by a cocycle with support in η′(S), which is contained in Σ(s`l1). 
8If f : A ⊃ B → C is a partial map, under A/f we mean A/(f × f)−1(∆C).
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(b). Since the cocycle representing ϑ(Tl) is of codimension one, its support can be
chosen in a 1-polyhedron S/T ⊂ Σ(sl1), where S∪∆Tl is a subpolyhedron of Tl×Tl,
and S ⊂ T˜△l is disjoint from the (2n−1)-skeleton
⋃
i(αXl(i)×αXl(i))
(2n−2)×(i−1, i]
for some triangulations αXi of Xi such that each p
i+1
i is simplicial in αXi+1 and
some subdivision of αXi.
The closure of S in Tl × Tl may be viewed as the union of compact 1-polyhedra
Si := S ∩ (X˜l(i) × (i− 1, i]) in the mapping cylinders of r
i
i−1 := p
l(i)
l(i−1) × p
l(i)
l(i−1).
Let R
[i−1]
i be the projection of Si to Xl(i−1) ×Xl(i−1). Set R
[i]
i = (r
i
i−1)
−1(P
[i−1]
i )
and R
[j]
i = r
i−1
j (P
[1]
i ) for j < i− 1. Let i
′ be the maximal index such that l(i′) ≤ i.
Then R
[i′]
i ⊂ ∆Xl(i′) since S/T ⊂ Σ(s
l
1). Consider
Ri = R
[i]
i × (i− 1, i] ∪R
[i−1]
i × (i− 2, i− 1] ∪ · · · ∪R
[i′+1]
i × (i
′, i′ + 1].
Finally, the 2-polyhedron R :=
⋃
iRi \ ∆Tl is our “shadow” of S. The transitive
closure Q of R, i.e. the set of all pairs (x1, xr) ∈ T˜
△
l ⊂ T˜l such that (xi, xi+1) ∈ R
for i = 1, . . . , r − 1, is a 2-polyhedron contained in the transitive set Σ(sk1).
View Q and Qi := Q ∩ X˜l(i) (or rather their unions with ∆Tl and ∆Xl(i)) as
equivalence relations on Tl and Xl(i). Then s
l
1 factors through K := Tl/Q, which
is the mapping telescope of the inverse sequence formed by Ki := Xl(i)/Qi and the
quotients qij of the bonding maps p
l(i)
l(j). This yields a surjection q : T¯
△
l \(Q/T )→ K¯
△,
whose Σ(q) meets every level △−1 (t) in an (n+1)-polyhedron, and therefore is itself
an (n + 2)-polyhedron. Hence the cone of q collapses onto an (n + 3)-polyhedron,
and therefore q induces an isomorphism on 2n-cohomology, since n ≥ 4. The image
of ϑ△(K) under the latter coincides by naturality of the Euler class with the image
of ϑ△(Tl) under the restriction H
2n(T¯△l ) → H
2n(T¯△l \ (Q/T )), which is zero since
S ⊂ R ⊂ Q. Thus ϑ△(K) = 0. 
(c). For a sufficiently rapidly decreasing ε, the inverse limit of the modified {Xi, p
i
j}
is X by a well-known lemma of M. Brown [Bro; Theorem 2]. Now {Ki, q
i
j} can be
obtained from {Xi, p
i
j} by a thinning out of indices, the inverse operation, and a
further thinning out of indices. 
The following Corollary to Theorem 2.2 seems to be of more interest in connec-
tion with the proof of this theorem, rather than with its applications. Let us call a
compactum X pseudo-embeddable into Rm if it is the limit of an inverse sequence of
compact polyhedra Xi and PL maps between them such that each finite mapping
telescope Tel(Xk → · · · → X1 → X0) admits a level-preserving embedding into
Rm × [0, k]. (Recall from Criterion 3.2 that level-preserving embeddability of the
entire infinite telescope into Rm × [0,∞) is equivalent to embeddability of X into
Rm.)
The ANR from Example 2.12 is an example of a compactum, pseudo-embeddable
but not embeddable into R2n. More generally, pseudo-embeddability is equivalent
to quasi-embeddability for any inverse limit of compact polyhedra and cell-like
maps between them. Indeed, given a polyhedron Xi+1 ⊂ Rm and a cell-like map
pi+1i : Xi+1 → Xi, the quotient map R
m → Rm/pi+1i shrinking to points the point-
inverses of pi+1i is the final map of a pseudo-isotopy of R
m (by Siebenmann’s theo-
rem, extended to dimension 4 by Quinn), which yields a level-preserving embedding
Cyl(pi+1i ) →֒ R
m × [i, i+ 1], extending the given embedding Xi+1 →֒ Rm.
In particular, every AR from Problem 1.5 pseudo-embeds into R2n.
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Corollary 3.5. An n-dimensional compactum X, n > 3, embeds into R2n if it
pseudo-embeds into R2n−1.
It follows that Akhmetiev’s compactum from Example 2.15, which quasi-embeds
into R2n−1, does not pseudo-embed into R2n−1.
Proof. Let T∞ be the infinite mapping telescope of the given inverse sequence. By
the hypothesis, every finite initial telescope Ti ⊂ T∞ embeds into R2n−1. Hence
w1(T˜
△
i → T¯
△
i )
2n−1 = 0 for each i. Since the groups H2n−2(T¯△i ;Z/2) are finite,
their inverse sequence satisfies the Mittag-Leffler condition. Then from the Milnor
sequence, w1(T˜
△
∞ → T¯
△
∞)
2n−1 = 0. Hence its Bockstein image (cf. [M5]) ϑ△(T∞) =
e(T˜△∞ → T¯
△
∞)
2n vanishes as well. By Lemma 3.3 and Criterion 3.2, X embeds into
R2n. (Alternatively, from the proof of Lemma 2.16 one can deduce that ϑ(X) = 0
and refer directly to Theorem 2.2.) 
The following lemma was used to deduce Corollary 2.6.
Lemma 3.6. (a) If Hn(X,X \x)→ Hn(X) is onto for some x ∈ X, Hˆ2n(X¯) = 0.
(b) If in addition Hn+1(X,X \ x) = 0 for every x ∈ X, H2n(X¯) = 0.
In particular, Hn(X \ x) = 0 for every x ∈ X implies H2n(X¯) = 0. Note also
that Hn+1(X,X \ x) is either zero or uncountable [Harl].
Proof. The hypothesis of (a) implies that Hn(X) lies in the image of lim
←−
Hnc (Ui),
where Ui is a fundamental sequence of open neighborhoods of the given point x.
By the functoriality in the Ku¨nneth formula [Bre], H2n(X2) lies in the image of
lim
←−
H2nc (U
2
i ). So H
2n(X2, X2 \ (x, x))→ H2n(X2) is onto. Hence H2n(K) = 0 for
every compact K ⊂ X˜. Then by one of the Smith sequences, H2n(C) = 0 for every
compact C ⊂ X¯, which completes the proof of (a). To deduce that H2n(X˜) = 0
(which will similarly imply (b)), it remains to show that H2n+1(X2, X˜) = 0.
Let x ∈ X and let Ui(x) be a fundamental nested sequence of open neighborhoods
of x. By the Milnor exact sequence, lim1Hn(X,X\Ui(x)) = H
n+1(X,X\x), which
is zero by the hypothesis. Since each Hn(X,X \Ui(x)) is countable (being a direct
limit of cohomology of compact polyhedral pairs), the vanishing of the derived limit
is equivalent to the Mittag-Leffler condition [Gr]. For convenience of notation we
shall use cohomology with compact support Hnc (Ui(x)) = H
n(X,X \Ui(x)). Thus
for each p and each x ∈ X there exists a qx ≥ p such that for each r ≥ qx the
image of Hnc (Ur(x)) in H
n
c (Up(x)) does not depend on r. By the functoriality in
the Ku¨nneth formula [Bre], so does the image of H2nc (Ur(x)
2) in H2nc (Up(x)
2).
Consider the fundamental nested sequence Vi :=
⋃
x∈X Ui(x)
2 of open neighbor-
hoods of ∆X . (The use of the uncountable Axiom of Choice can be eliminated
using compactness of X .) Since X is compact, there exists a q ≥ p such that
Vq is contained in V :=
⋃
x∈S Uqx(x)
2 for some finite S ⊂ X ; without loss of
generality, q ≥ qx for each x ∈ S. By an iterated application of the Mayer–
Vietoris sequence,
⊕
x∈S H
2n
c (Uqx(x)
2) → H2nc (V ) is onto. Therefore if r ≥ q,
H2nc (
⋃
x∈S Ur(x)
2) → H2nc (V ) is onto. Since
⋃
x∈S Ur(x)
2 ⊂ Vr ⊂ V ⊂ Vp, the
image of H2nc (Vr) in H
2n
c (Vp) does not depend on r, as long as r ≥ q. Thus
H2n+1(X2, X˜) = lim1H2nc (Vi) = 0. 
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4. Results in the metastable range
The definition of the extraordinary van Kampen obstruction
Θm(X) ∈ ωmTZ/2 (X˜+) ≃ [X˜+, S
mT ]Z/2
to embeddability of X into Rm as given in [M5] makes perfect sense if X is a
compactum of dimension < m. Here K+ denotes the pointed Z/2-space K ⊔ ∗, and
SmT is the m-sphere with the action of Z/2 fixing the basepoint ∗ and restricting
to the sign action x ↔ −x on the complement of ∗, identified with Rm. The
obstruction Θm(X) is the class of the composition
X˜ −→ S∞ −→ S∞/Sm−1 = S∞+ ∧ S
mT −→ SmT
of an arbitrary equivariant map X˜ → S∞ (with respect to the antipodal action of
Z/2 on S∞) and the obvious projections. If X embeds in Rm, such a map factors
up to equivariant homotopy through Sm−1 ⊂ S∞, hence Θm(X) = 0. Let Θˆm(X)
be the image of Θm(X) in ωˆmTZ/2 (X˜+) := limω
mT
Z/2 (K+), the inverse limit over all
compact invariant subsets K ⊂ X˜.
Lemma 4.1. [M5; proof of Lemma 4.4] Θm(X) = 0 iff there exists an equivariant
map X˜ → Sm−1, and Θˆm(X) = 0 iff such a map exists over each compact invariant
subset K ⊂ X˜.
Lemma 4.1 will not be used in the proof of
Theorem 4.2. Let X be an n-dimensional compactum.
(a) X embeds into Rm, m > 3(n+1)2 , if and only if Θ
m(X) = 0 ∈ ωmTZ/2 (X˜+).
(b) X quasi-embeds into Rm, m ≥ 3(n+1)2 , if and only if Θˆ
m(X) = 0 ∈ ωˆmTZ/2 (X˜+).
Proof. Modulo its polyhedral case, which is proved in [M5], Theorem 4.2 follows
by the same argument as Theorems 2.2 and 2.4, using that ω∗Z/2 is a generalized
Z/2-equivariant cohomology theory, cf. [M5]. The grading is “upside down” in
that ωmTZ/2 (Y ) vanishes for m > dimY , but may be nontrivial for negative m. In
particular, the vanishing of H2n(P k/(Z/2)), where 2n > k, now becomes that
of ωmTZ/2 (P
k), where m > k. (This was used in the very ends of the proofs of
Propositions 3.1 and 3.4b, where the cones of certain maps, denoted by q in both
cases, collapse onto a k-polyhedron P , where k = n+(2n−m)+1 and n+(2n−m+
1)+1+1, respectively.) With these matters taken into account, only straightforward
changes are to be made in the proofs, including a routine generalization of steps
2 and 3 (which involved no cohomology whatsoever) in the proof of Proposition
3.4a, and a simplification of the proof of Lemma 3.3, where the computation of the
second obstruction is no longer necessary. 
Proposition 4.3. Let X be an n-dimensional compactum and Y a compactum of
dimension ≤ k2 +
m−n−3
2 such that there exists an equivariant map S
k−1 → C˜Y .
Then Θm+k(X ∗ Y ) = 0 implies Θm(X) = 0.
Proof. The intersection of C˜Y with Y × CY ∪ CY × Y is equivariantly homotopy
equivalent to the double mapping cylinder Z of the projections Y
p1
←− Y˜
p2
−→ Y .
An equivariant retraction of C˜Y onto this intersection is given by ((x, t), (y, s)) 7→
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((x,max{t− s, 0}), (y,max{s − t, 0})), where CY = Y × I/Y × {1}. (In fact, this
is the final map of an equivariant deformation retraction.) Thus there exists an
equivariant map Sk−1 → Z.
X˜ ∗ Y is equivariantly homotopy equivalent to its subset S that is the quotient
of X˜ × Y˜ × I × I. Shrinking to points X × {(y, y′, 1, t)} and X × {(y, y′, t, 1)} for
each (y, y′) ∈ Y˜ and 0 < t < 1 as well as X ×{(y, 1, 0)} and X×{(y, 0, 1)} for each
y ∈ Y yields an equivariant map S → X˜ ∗Z. The relative mapping cylinder of this
map equivariantly collapses onto a pair that is excision-equivalent to (CX,X) ×
Z/ϕ, where the partial map ϕ : (CX,X) × Z ⊃ (CX,X) × Y˜ → (I, {0}) × Y˜
shrinks each level of the cone. Since this pair is at most (m+ k − 1)-dimensional,
ω
(m+k)T
Z/2 (X˜ ∗ Y +) ≃ ω
(m+k)T
Z/2 (X˜ ∗ Z+). Therefore the original equivariant map
X˜ ∗ Y → Sm+k−1 yields an equivariant map ΣkX˜ → Z ∗ X˜ → Sm+k−1. Thus
Θm(X) = 0. 
Corollary 4.4. Let X be an n-dimensional compactum, m > 3(n+1)2 , and k > 0.
The following assertions are equivalent:
(i) X embeds into Rm;
(ii) the k-fold suspension ΣkX embeds into Rm+k;
(iii) the k-fold cone CkX embeds into Rm+k;
(iv) X ∗ Tk embeds into Rm+2k, where Tk is the join of k copies of {1, 2, 3};
(v) X ∗Zk embeds into Rm+2k, where Zk is the (k−1)-skeleton of the 2k-simplex.
Proof. (ii)⇒(i) and (iii)⇒(i) follow by a repeated application of Proposition 4.3.
(iv)⇒(i) and (v)⇒(i) follow since C˜Yk and C˜Zk contain S
2k−1 by the Flores con-
struction (see [M5]). 
A shorter proof of (ii)⇒(i) is given by
Theorem 4.5. Let X be an n-dimensional compactum, Y a compactum such that
there exists an equivariant map Sk−1 → Y˜ , and assume m > 3(n+1)2 . If X ∗ Y
admits a level-preserving embedding into Rm+k × I, then X embeds into Rm.
Proof. The subset of X˜ ∗ Y consisting of all pairs (a, b) such that p(a) = p(b), where
p : X ∗Y → I is the projection, is homeomorphic to X˜ ∗ Y˜ . So the given embedding
yields an equivariant map ΣkX˜ → X˜ ∗ Y˜ → Sm+k−1, thus Θm(X) = 0. 
Proposition 4.6. Let X be an acyclic n-dimensional compactum and Y a com-
pactum of dimension at most k2 +
m−2
2 such that there exists an equivariant map
Sk−1 → C˜Y . If Θm+k(X × CY ) = 0, then Θm(X) = 0.
Proof. Let S be the subset of X˜ × CY that is the quotient of X˜ × Y˜ × I × I ∪
X × X × Y˜ × (I × {1} ∪ {1} × I). Shrinking to points X × X × {(y, y′, t, 1)}
and X × X × {(y, y′, 1, t)} for each (y, y′) ∈ Y˜ as well as X × X × {(y, 0, 1)}
and X × X × {(y, 1, 0)} for each y ∈ Y˜ yields an equivariant map S → X˜ ∗ Z,
where Z is the double mapping cylinder of the projections Y
p1
←− Y˜
p2
−→ Y . The
relative mapping cylinder of this map equivariantly collapses onto a pair that is
excision-equivalent to Z × (C(X × X), X × X). Since X is acyclic, Σ(X × X) is
contractible, so the projection Z × Σ(X × X) → Z is an equivariant homotopy
equivalence. Hence ωiTZ/2(Z× (C(X×X), X×X)+) ≃ ω
iT
Z/2(Z+). Therefore, since Z
is at most (m+k−1)-dimensional, we get ω
(m+k)T
Z/2 (S+) ≃ ω
(m+k)T
Z/2 (X˜ ∗Z+). Since
22 SERGEY A. MELIKHOV AND EVGENIJ V. SHCHEPIN
there exists an equivariant map Sk−1 → Z (see the proof of Proposition 4.3), the
given equivariant map S ⊂ X˜ × CY → Sm+k−1 gives rise to an equivariant map
ΣkX˜ → Z ∗ X˜ → Sm+k−1. Thus Θm(X) = 0. 
Corollary 4.7. Let X be an acyclic n-dimensional compactum, m > 3(n+1)
2
, k > 0.
The following assertions are equivalent:
(i) X embeds into Rm;
(ii) X × Ik embeds into Rm+k;
(iii) X × (triod)k embeds into Rm+2k.
The hypothesis of acyclicity can be weakened. The proof of (ii)⇒(i) works for
all X such that the (already) stable cohomotopy groups ωm+i(X ×X) = 0 for 1 ≤
i ≤ k. The proof of (iii)⇒(i) works for all X such that ω
(m+2i)T
Z/2 (X ×X × S
1
+) = 0
for 1 ≤ i ≤ k, where Z/2 acts by exchanging the first two factors and transforming
S1 by the antipodal involution.
On the other hand, the dimensional restrictions cannot be dropped. If X is a
non-simply-connected homology n-ball (i.e. a homology sphere minus an open ball),
then X does not embed in Rn, but X × I embeds in Rn+1 since every homology
sphere bounds a contractible topological manifold (Kervaire, Freedman–Quinn),
whose double has to be the sphere by Seifert–van Kampen and the generalized
Poincare´ conjecture. One can increase the codimension in this example by consid-
ering appropriate spines of X .
A shorter proof of (ii)⇒(i) is given by
Theorem 4.8. Let X be an acyclic n-dimensional compactum, m > 3(n+1)
2
. If
X can be instantaneously taken off itself in Rm+1, i.e. the mapping cylinder of the
projection X ⊔X → X admits a level-preserving embedding into Rm+1× I, then X
embeds in Rm.
In fact, θ(X) may be thought of as precisely the obstruction to isotopic real-
izability (see [M1]) of the composition of the projection X ⊔ X → X and some
embedding X →֒ R2n+1.
Proof. Let g : X →֒ Rm+1 be the given embedding that can be instantaneously
taken off itself. Then g˜ : X˜ → Sm is homotopic to a map that extends to X ×X .
Since X is acyclic, this map must be null-homotopic. Combining the null-homotopy
with its reflection, we get an equivariant map ΣX˜ → Sm. Hence Θm(X) = 0. 
Remark. F. Quinn has shown that every tame embedding of an ANR into a manifold
of dimension > 4 has a mapping cylinder neighborhood (see [Q]). By an argument
of M. Cohen, this implies that X × I2n+1 is collapsible for every n-dimensional
AR X , n > 1. Indeed, by [Sht], X tamely embeds in R2n+1, where its Quinn’s
neighborhood is homeomorphic to I2n+1. For it is contractible and has a simply-
connected boundary, since X is tame and so misses generic 2-disks. Let f : S2n → X
be the map such that (I2n+1, X) = (Cyl(f), X). Now X × I2n+1 is the mapping
cylinder of the projection π : X × S2n → X . It collapses onto Cyl(π|Γf ), where
Γf ⊂ S
2n × X is the graph of f . But this is homeomorphic to I2n+1, which is
collapsible.
Corollary 4.9. An acyclic n-dimensional compactum, n > 3, embeds in R2n if it
immerses there.
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Proof. Let ϕ : X # R2n be an immersion. We may think of it as a composition
X
g
→֒ M
ψ
# R2n, where M is a PL 2n-manifold. Since n > 2, we may assume that
g is tame [Sht]. This means that for each ε > 0, there exists an ε-pseudo-isotopy,
taking g(X) onto a subpolyhedron of M . It follows that g can be replaced by an
embedding g′ such that the immersion ϕ′ = ψg′ has at most 0-dimensional double
point set ∆ϕ′ = (ϕ
′ × ϕ′)−1(∆R2n) \ ∆X ⊂ X˜ and no triple points (compare the
arguments in [SS]).
Since ∆ϕ′ is 0-dimensional, there exists an equivariant map ∆ϕ′ → S
0. Extend-
ing it to a continuous function X → R, where ∆ϕ′ is identified with its homeo-
morphic projection to the first factor of X × X , and S0 ⊂ R, we obtain that the
immersion ϕ′ lifts vertically to an embedding ϕˆ′ : X → R2n+1. Then the translates
of ϕˆ′(X) by sufficiently small distances in the vertical direction are all disjoint from
each other, which yields an embedding X × I →֒ R2n+1. Since n > 3, by Corollary
4.7 X embeds in R2n. 
Taras Banakh asked one of the authors in July 2006: what is the minimal dimen-
sion of Euclidean space containing µn× Ik, where µn is the universal Menger com-
pactum? Since there exist contractible n-dimensional compacta, non-embeddable
into R2n (see Examples 1.2, 2.17), we obtain from Corollary 4.7 the following an-
swer9 to Banakh’s question:
Corollary 4.10. µn × Ik does not embed into R2n+k.
The motivation for Banakh’s question was as follows. By general position µn×Ik
embeds in R2n+k+1. If this estimate were not sharp for k = 2n, one would deduce
the following result, answering [BCZ; Question 1.4] (see also [BV; Problem 6]).
Proposition 4.11. µ2n does not embed into µn × I2n.
This result, answering the question from “Open Problems in Topology II”, is
proved by the following self-contained argument.
Proof. Let P be the 2n-skeleton of the (4n+2)-simplex, or any other 2n-polyhedron,
non-embeddable in R4n. If µ2n embeds in µn×I2n, so does P . Hence for each ε > 0
it admits an ε-map to Qε× I
2n for some n-polyhedron Qε (an appropriate nerve of
the Menger cube). Now Qε × I embeds in R2n+1 [RSS] since Qε immerses in R2n
with isolated double points. Hence Qε × I
2n embeds in R4n, so P quasi-embeds
there. But for polyhedra quasi-embeddability is equivalent to embeddability in
the case of double dimension (except 2 → 4) by completeness of the van Kampen
obstruction (also it is in the metastable range by the Haefliger–Weber criterion).
Thus P embeds in R4n, contradicting its choice. 
We recall (see [M5]) that the Conner–Floyd cohomological co-index of X˜ is the
maximal m such that the Hurewicz image h(Θm(X)) ∈ Hm(X¯;Z⊗m
T
) is nonzero,
where Z⊗mT is induced from the orientation sheaf of RP
m−1 under the classifying
map X¯ → RP∞.
9Non-embeddability of an n-dimensional compactum cross Ik into R2n+k can also be proved
directly. The proof of Proposition 4.6 yields an equivariant homotopy equivalence ΣP˜ ≃ P˜ × I,
and hence ΣkP˜ ≃ P˜ × Ik for every contractible polyhedron P . One only needs to plug it for P =
the product of n triods (or P = the cone over the (n− 1)-skeleton of the 2n-simplex) into one of
the proofs (in [RS], [KR], [RSS] or in Example 2.17 above) that P ×N∗ does not embed into R2n,
to get that P × Ik × N∗ does not embed into R2n+k.
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Theorem 4.12. Suppose that m > 3(n+1)
2
.
(a) All n-dimensional compacta X with Hi(X˜) = 0 for i ≥ m embed in Rm.
(b) Let X be an n-dimensional locally acyclic compactum with Hˆi(X˜) = 0 for
i > m. Then X embeds in Rm if and only if coindZ(X˜) < m.
We note a certain similarity of (b) with the homological criterion for isotopic
realizability under the assumption of discrete realizability by skeleta [AM1], [M2].
Proof. By Theorem 4.2 and the preceding remark, it suffices to show existence of
an equivariant map X˜ → Sm−1. By obstruction theory, such a map exists if the
first obstruction h(Θm(X)) ∈ Hm(X¯;Z⊗m
T
) vanishes (which is already given in (b))
and the higher obstruction groups Hi+1(X¯ ; πi(S
m−1)⊗ Z⊗m
T
)) are trivial.
Let us represent X˜ as a union of compact subsets Kj with each Kj ⊂ IntKj+1.
Fix some i ≥ m−1 and k ≥ m−1 for (a), i ≥ m and k ≥ m for (b). By the Milnor
exact sequence, the hypothesis of (a) implies Hˆi+1(X˜) = 0 and lim1Hi(Kj) = 0.
By the universal coefficients formula for compacta [Bre], Hˆi+1(X˜ ; πk(S
m−1)) = 0 in
both (a) and (b), and lim1Hi(Kj ; πk(S
m−1)) = 0 in (a). On the other hand, since
X is locally acyclic in (b), and Kj ⊂ IntKj+1, the image of H
i(Kj+1; πk(S
m−1)) in
Hi(Kj; πk(S
m−1)) is finitely generated for each j. By Serre’s theorem πk(S
m−1) is
finite, hence so is this image. Thus the inverse sequence Hi(Kj ; πk(S
m−1)) satisfies
the Mittag-Leffler condition, so lim1Hi(Kj; πk(S
m−1)) = 0 in (b) as well.
Now the Milnor sequence implies thatHi+1(X˜; πk(S
m−1)) = 0 for all i, k ≥ m−1
in (a) and for all i, k ≥ m in (b). It follows from the two Smith sequences, by
downward induction on i, that Hi+1(X¯; πk(S
m−1)) = 0 = Hi+1(X¯; πk(S
m−1)⊗ZT)
for all i, k ≥ m − 1 in (a) and for all i, k ≥ m in (b). In particular, this holds for
i = k. 
Corollary 4.13. Every n-dimensional compactum X with Hn−d(X \ x) = 0 for
each x ∈ X and d ≤ k, where k < n−32 , embeds into R
2n−k.
Another proof of the case k = 0 is contained in the proof of Corollary 2.6 (see
remark to Lemma 3.6).
Proof. Let us represent X˜ as a union of compact subsets K1 ⊂ K2 ⊂ . . . . Let
Kxi stand for the intersection of Ki with (X \ x) × x. From Milnor’s exact se-
quence, limHn−d(Kxi ) = 0 = lim
1Hn−d−1(Kxi ) for d ≤ k (and each x). Since each
Hn−d(Kxi ) is countable (being a direct limit of cohomology of compact polyhedra),
each inverse sequence Hn−d(Kxi ) satisfies the Mittag-Leffler condition [Gr]. On
the other hand, when d ≤ k, this sequence has trivial inverse limit, that is, each
c ∈ Hn−d(Kxi ) has a nonempty preimage in H
n−d(Kxj ) for only finitely many j > i.
Combined with the Mittag-Leffler condition, this implies that for each i there exists
a j > i such that the image of Hn−d(Kxj ) in H
n−d(Kxi ) is zero.
Let Hn−d(πi) be the Leray sheaf of the projection πi : Ki ⊂ X ×X → X [Bre].
Since Ki is compact, πi is closed, hence the stalks H
n−d(πi)x ≃ H
n−d(Kxi ).
10
Consider the Leray spectral sequence [Bre]
Hp(X ;Hq(πi)) ⇒ H
p+q(Ki).
10Note that the projection π : X˜ ⊂ X×X → X is not closed, and that Hn−d(π)x, which is by
definition the direct limit of Hn−d(X˜ ∩X×Ui(x)), where Ui(x) is a fundamental nested sequence
of neighborhoods of x, may in general differ from Hn−d(X \ x). This is why we need the Ki’s.
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Since Hn−d(πj) → H
n−d(πi) is zero for an appropriate j > i and all d ≤ k, so is
H2n−d(Kj)→ H
2n−d(Ki). Also, sinceH
n−k−1(πj)→H
n−k−1(πi) does not depend
on j > j0 for an appropriate j0 > i, so does H
2n−k−1(Kj)→ H
2n−k−1(Ki). Hence
the sequence H2n−d(Ki) has zero inverse limit when d ≤ k and zero derived limit
when d ≤ k + 1. It now follows from the Milnor sequence that H2n−d(X˜) = 0 for
all d ≤ k. 
Note that the hypothesis of Corollary 4.13 is satisfied if
(i) Hn−d(X) ≃ Hn−d(Sn) for 0 ≤ d ≤ k,
(ii) Hn−d(X,X \x) ≃ Hn−d(Rn,Rn \{0}) for −1 ≤ d ≤ k−1 and each x ∈ X , and
(iii) Hn(X,X \ x)→ Hn(X) is an isomorphism for each x ∈ X .
So, since generalized manifolds satisfy Poincare´ duality, we obtain an elementary
proof of the following result (using Theorem 1.4 in the case k = 0, where no
orientability is assumed).
Corollary 4.14 (Bryant–Mio). [BM] Every homologically k-connected n-dim-
ensional generalized manifold, k < n−3
2
, embeds in R2n−k.
V. M. Buchstaber asked the first author in September 2005, whether there is a
generalization to polyhedra of the classical Penrose–Whitehead–Zeeman Theorem
that k-connected manifolds embed in R2n−k in the metastable range. (See [Z],
which includes Irwin’s extension to codimension three.) Corollary 4.13 gives an
answer, which however is not as revealing as one might expect.
Indeed, n-polyhedra satisfying condition (ii) have links of p-simplices, p ≥ 0, with
top k − 1 cohomology groups isomorphic to those of Sn−p−1. When k ≥ 1, such
polyhedra are polyhedral homology manifolds with codimension k+2 singularities.
For these, Poincare´ duality holds in the first k dimensions, so condition (i) along
with (iii) is now equivalent to homological k-connectedness: H˜d(X) = 0 for d ≤ k.
Thus n-polyhedra, satisfying (i)–(iii) with k ≥ 1 are homologically k-connected
polyhedral homology manifolds with (restricted) codimension k + 2 singularities.
At the same time, the original PWZ argument works for k-connected (genuine)
manifolds with arbitrary codimension k+2 singularities, as all constructions in this
argument are disjoint from such singularities by general position. As for the case
k = 0, Sarkaria [Sa] noticed that the PWZ method works to embed in R2n every
quotient X of a PL n-manifold M , n > 2, by a PL identification on the boundary
such that no two components of M remain disjoint in X . Clearly, this includes all
n-polyhedra satisfying the hypothesis of Theorem 1.3.
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